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Abstract 

We diagonalise the Hamiltonian of the Temperley-Lieb loop model with open 
boundaries using a coordinate Bethe Ansatz calculation. We find that in the ground- 
state sector of the loop Hamiltonian, but not in other sectors, a certain constraint 
on the parameters has to be satisfied. This constraint has a natural interpretation 
in the Temperley-Lieb algebra with boundary generators. The spectrum of the loop 
model contains that of the quantum spin- 1/2 XXZ chain with non-diagonal boundary 
conditions. We hence derive a recently conjectured solution of the complete spectrum 
of this XXZ chain. We furthermore point out a connection with recent results for the 
two-boundary sine-Gordon model. 



1 Introduction 



It has been known for some time that the quantum spin-1/2 XXZ chain with non-diagonal 
boundary fields is integrable [1]. However, conventional methods to calculate its spectrum, 
such as the Bethe Ansatz, have been found difficult to apply due to a lack of spin con- 
servation or other good quantum numbers. Recently however, Nepomechie made progress 
using functional equations. In root of unity cases he obtained Bethe Ansatz equations of 
non-conventional form [2], while in [3] he derived conventional equations for some special 
cases of the boundary parameters. Cao et al. [4] succeeded in formulating a more general 
Bethe Ansatz solution of conventional form using the algebraic Bethe Ansatz, provided 
that the parameters appearing in the Hamiltonian satisfy a certain constraint. The same 
equations were subsequently also found by Nepomechie [5] . 
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This solution was studied numerically and analytically in [6, 7], and it was noted that 
it did not describe the full spectrum for all parameter values satisfying the constraint. In 
an addendum to [6] a simple extension of the original Bethe Ansatz solution was conjec- 
tured on numerical grounds that does describe the complete spectrum, again provided the 
constraint is satisfied. In this paper we will give a derivation of the complete spectrum 
of the XXZ chain, also with the condition that a particular constraint has to be satisfied. 
For even system sizes this constraint is a special case of the constraint considered by the 
authors above, but it is different for odd L. 

We use the fact that the XXZ spin chain can be described in terms of the Temperley- 
Lieb algebra with boundary generators. In the diagrammatic representation of this algebra 
the Hamiltonian of the spin chain is that of a loop model. We show that there exist a 
simple eigenstate in this loop model that serves as a pseudo vacuum to set up a coordinate 
Bethe Ansatz calculation, as originally used by Bethe [8]. We thus are able to derive the 
Bethe Ansatz equations, some of which were conjectured in [6]. The approach followed in 
this paper is a generalisation of the method described in [9, 10, 11]. 

For most sectors of the loop Hamiltonian, whose spectrum is larger than that of the 
spin chain, there is no additional constraint on the parameters. However, for the sector 
containing the spin chain spectrum, we do need to restrict ourselves with a constraint 
similar to the one found in [4] and [5] . This constraint is very natural in terms of the loop 
model since it preserves a Z2 symmetry (see Section 3). When the constraint is not satis- 
fied, the symmetry is broken and one loses a conservation law which introduces additional 
difficulties in formulating a Bethe Ansatz. We hope however that our formulation offers 
new insights for finding the general solution of the spectrum. 

In Section 2 we introduce the Temperley-Lieb loop model with boundary generators, 
and show its relation to the quantum spin- 1/2 XXZ chain with non-diagonal boundary 
conditions. In Section 3 we show that the loop model has a simple eigenstate which we 
can use as a pseudo vacuum to setup a Bethe Ansatz calculation. In this section we also 
identify the pseudo particles that label the sectors of the Hamiltonian. Before presenting 
a detailed derivation in Sections 5, 6 and 7, we state our main result in Section 4. 



2 



2 Algebra and representations 



2.1 The Temperley Lieb algebra with boundaries 

The Open Temperley-Lieb (OTL) algebra with generators Cx {x = 1, . . . , L — 1) and 
boundary generators /_|- and /_ is defined as foUows [12], 

el = te^ f- = s-f- 

exey = eyex for |x - ?/| < 2 f_f+ = f+f_ (2-1) 

ei/_ei = ei Cxf- = f-Cx for x > 1 

CL-iZ+CL-i = eL-i exf+ = f+ex for x < L - 1 

This algebra is infinite dimensional. It can be made finite dimensional by introducing 

n— 1 n— 1 

hn = JJ e2x+l J2n = /- JJ ^2a; /+ 

x=0 x=l (2.2) 

n n— 1 

hn+l = /- Jl e2x J2n+1 = JJ e2x+l /+• 
a;=l a;=0 

and imposing the following relations, 

IlJlIl = biL, JlIlJl = bJL, (2.3) 

both for L even and L odd. For later convenience, we introduce here two sub-algebras. 
The first one is the original Temperley-Lieb algebra, introduced in [13], and formed by the 
generators ex {x = 1, . . . , L — 1). As it does not contain boundary generators we will call 
it the Closed TL algebra and denote it here by T^. The second sub-algebra we consider is 
the Mixed TL algebra containing only the boundary generator /_. We denote it by T^, 
and it is formed by the generators e^; (x = 1, . . . , L — 1) and /_. The algebra Tjf is the 
blob algebra introduced in [10, 15, 16]. We further note that the relation (2.3) does not 
apply to the algebras and Tj^^, but only to the full algebra T^. 
In this paper we will consider the operators 

L-1 



h2 = (2.4) 

x=l 

L-1 

= a_/_ + J]e„ (2.5) 

x=l 

L-1 

h2 = a_/_ + a+/+ + J] e,. (2.6) 



x=l 
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These operators correspond in certain representations to the quantum spin- 1/2 XXZ 
Hamiltonian with various types of open boundary conditions, see Section 2.3. The main 
result of tliis paper is the diagonahsation of these operators in a different representation, 
namely the loop representation which we will explain now. 

2.2 The loop representation 

Instead of the algebra it is convenient to use the graphical representation of , 



6.7* 



X x + 1 



(2.7) 



and 



(2.8) 



Multiplication of two words in the algebra corresponds to putting one word below the 
other and merging the loops lines. For example, the relations = tex and Cxex+iex = ex 
graphically read 



O = 



(2.9) 




(2.10) 



The loop representation is obtained by filtering the algebra by quotients of the left ideals 
generated by the (unnormalized) idempotents /„ and J„. This procedure is described in 
detail in [14] , here we will explain this representation pictorially. A crucial property of the 
loop representation is that it has a heighest weight state, which is represented graphically 
by L vertical lines, i.e. it is the state in which no sites are connected by loop lines. We 
will take the view that in this case the sites are "connected to infinity" . Let us denote this 
highest weight state by |). All other states in the loop representation can be obtained by 
applying the words of the algebra to this highest weight state. The pictures corresponding 
to these other states are obtained by placing the picture of the word underneath that of 
the highest weight state and removing disconnected parts from the top of the combined 
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picture. For example, the state corresponding to ex\) will be represented by the bottom 
half of the picture in (2.7), 



\x) 



X x + 1 



(2.11) 



where we have denoted by \x) the state in which sites x and x + 1 are connected to each 
other while all other sites are connected to infinity. 

It is helpful to understand the action of Cx+i on which is given by the following 
pictures. 



ex+iex\) 









R ) 




















X 


x+l x+2 



= \x + l). (2.12) 



X x+l x+2 

A slightly more complicated example is given by the picture representing ex+iex+2ex\) , 



ex+iex+2ex\) 



x+3 



(2.13) 



Analogous pictures are obtained when the boundary generators f± are involved. In par- 
ticular, the first relation in (2.3) for L = 2 reads graphically. 



ei/-/+ei|) 




6ei|). 



(2.14) 



The parameter b in (2.3) thus is the weight of the two removed horizontal loop lines. Note 

that the state ei/_/+|) has the same lower part of the picture as ei|), but contains only 
one horizontal loop line. This cannot be removed using the algebraic relations, but in 
analogy with the above we do have for L = 2 that 



/_/+ei/_/+|) = (2.15) 

In general we find two isomorphic invariant subspaces for 6 7^ 0, namely the ones generated 
by and Jl\)- Because the spectrum of is identical on them, even when 5 = 0, 
we will discard the latter subspace. Hence, when considering cases where all loop lines 
are connected we will always work exclusively in the one generated by In this way 

we construct the loop representations for the algebras T^, and and we denote the 
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representation spaces by V^, and respectively. It is furthermore important to 
note that the loop lines are not allowed to cross. 

Instead of this graphical loop representation we will use a more convenient typographi- 
cal notation in the following. If a site x is connected to a site ?/ < x or to the left boundary, 
we write a closing parenthesis ")" at x. If a site x is connected to a site y > x or to the 
right boundary we write an opening parenthesis "(" at x. If a site is not connected (or 
connected to infinity) we write a vertical bar "|" at x. For the sub-algebra we thus 
have the state space, 

yf = Span{||, )!,(),))}. (2.16) 

There is a similar identification for T^^ where now loops can also connect to the right 
boundary. For example, |( denotes a state where the loop segment on the second site is 
connected to the right boundary. The seven basis states of V^P are 

II, )l, IG 0, )(, )), ((• (2.17) 

We will call a sequence of the three symbols ")", "(" and "|" a connectivity. 

The dimensions of the representation spaces V^, and can be calculated by 
counting the number of sequences of ")", "(" and "|" subject to the non-crossing constraint 
(for example, "|)" cannot occur). In the appendix we find the generating functions for 
these dimensions. Asymptotically they are given by 

dimV^ ^ L-^/'^2^, dimV^ = 2^, dimV^ ^ L^/'^2^ . (2.18) 
2.3 XXZ representation 

The following representation of the TL algebra makes Hamiltonian (2.6) up to a constant 
equal to that of the XXZ spin chain with non-diagonal boundary terms [5], 

ea. = + 44+1 + chv44+i - shr? {4 - 4+^) - chr?) (2.19) 

/_ = :^{sh{a-+P-)al + che-al + ishe-al + ch{a-+p-)), (2.20) 

f+ = ^{-sh{a+ + (3+)al + di9+al + ish9+al + di{a+ + (3+)), (2.21) 

where 

p^ = ch(a^ + /3^ + 77), (2.22) 
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and crj. represents the ith Pauli matrix at site x. The parameters t, aq= and s=p are given 

by 



2ch77, 
— shr/ 



ch(a=p + P^+v) 



sh a^ch 



(2.23) 



ch(Q=p + /3zp + r/) ' 

while the expression for b depends on the parity of the system size L, 



di{r] + a_ + a+ + /3_ + /?+) - ch(6'_ - 
2ch(a^ + /3_ + r/) ch(a+ + /?+ + 77) 
ch(Q;_ -«+ + /?_- + ch(6'_ - 6*+) 



for even L, 
for odd L. 



(2.24) 



2ch(a_ + /3_ + r?) ch(a+ + ^+ + 77) 

The dimension of this spin- 1/2 representation is 2^. It is important to note that the 
dimension of is larger than this. However, dim = 2^ and this representation seems 
to be equivalent to XXZ. 

The Hamiltonian H^, given in (2.6), is related to the Hamiltonian TL given in [6] by 



H? = -n + ^{L-l)t + -ia.s. + a+s+) 

= -H + ^{L - l)ch?7- ^shr] (ctha_ +th/3_ + ctha+ + th/3+). 
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(2.25) 



3 Pseudo particles 

In the representations on the spaces V^, and the Hamiltonians (2.4)-(2.6) have a 
block triangular structure: connections can be created but cannot be undone. This implies 
that for each of the Hamiltonians (2.4)-(2.6) the state (|, dual to |), is a left eigenvector 
with eigenvalue (since there are no nonzero matrix elements giving transitions to this 
state). More generally, although the Hamiltonians are not block diagonal, the number 
of connected sites (either to another site or to the boundary) is still a good quantum 
number to characterize the spectrum and its corresponding set of left eigenvectors, which 
are elements of the dual spaces V^*, V^* and V^*. We will denote the basis states in 
the dual space by the same connectivities as their dual states in Vl (recall that a 
connectivity is a sequence of the three symbols ")", "(" and "|") . Let (c| denote the basis 
state corresponding to the connectivity c. A vector (^| G then is decomposed on the 
dual basis as 

{i;\=J2m{c\, (3.1) 
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and the left eigenvalue equation we want to solve reads 

A(V'| = (V'|^, ^ AiP{c) = ^i;ic')H,.,. (3.2) 

c' 

In the following sections we will calculate the spectra by formulating a coordinate 
Bethe Ansatz for the left eigenvectors of each of the Hamiltonians. Here we want to briefly 
discuss the main ingredients. The trivial eigenstate will be used as a pseudo vacuum for 
the Bethe Ansatz. In setting up the Bethe Ansatz calculation we need to identify "pseudo 
particles" or "elementary excitations" on this pseudo vacuum. We will introduce the 
notion of pseudo particle for the space Vl- It is then easy to translate this notion to the 
space VI by duality. 

A link between x and x+l,i.e the graphical representation of in (2.11), will be such 
a pseudo particle. Since in this representation ex±i\x) = |x ± 1), the bulk Hamiltonian 
(2.4) describes hopping of the pseudo particle. It furthermore contains a diagonal term 
{ex\x) = t\x)) and creates pseudo particles at other sites through the action of Cy with 
y ^ x—l,x OT x+1. For example, a state with two pseudo particles at x and y respectively 
is given by 

ex\y) = \x,y) = ...J. .••..•.J .. .1. . I. [.•..••..I... (3.3) 

X x+l y 

The states with well separated pseudo particles form just a small subset of all possible 
states. All the other states however will be considered as bound states of pseudo particles. 
For example, we consider a state of the form (2.13) as a bound state of two pseudo particles. 

In we only have states where sites are connected pairwise. When boundaries are 
present, sites do not have to be paired to be connected, they can be connected to the left 
or right boundary. The number of connected sites can therefore take on odd values. In 
the following we will take the number of connected sites as our quantum number labeling 
the different sectors of the Hamiltonians. 

Anticipating our results, we note here that when 5 = in (2.3), the Hamiltonian 
possesses an additional Z2 symmetry. Prom (2.14), and more generally from 

lLJLlL\)=blL\), (3.4) 

it follows that is block triangular when 6 = with respect to the subspaces with an 
odd or even number of sites connected to the left boundary. It is clear that this symmetry 
is always present in sectors where the number of connected sites is less than the system 
size. 

4 Results 

Before giving a detailed derivation of the Bethe Ansatz for the Temperley-Lieb loop model, 
we would like to state our main result first. For convenience, we define the following two 
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functions, 

sh(r?/2 + €a± - u) ch(r?/2 + e(5± - u) 
"^^^""'^^ sh(r//2 + ea± + u)ch(r//2 + e/3± + n)' ^ ' ^ 

where = 1. The eigenvalues of the loop model H2 for sectors labeled by n are given by, 

• n even, n < L 

For these sectors, the spectrum is described by the expressions 

n/2 2 

Ao = Y. ' 



^ sh(?7/2 - Uj) sh(r//2 + UjY 

^ ^ "^^ sh% (4.2) 

^ ^ sh(7?/2-'(;j)sh(77/2 + ?;j) 

— sh?7 (ctha_ + th/?_ + ctha+ + th/?+), 
where the complex numbers ui and are solutions of the equations 

sh(r?/2 - u,i) \^^ ^ sh(^.^ - Uj + 7?) sh(K^ + Uj + ??) 

sh(^/2 + .o J = '^-(^^^ +)^+(^^' +) n - - r?) sh(.. + - r?) ' ^'"^^ 



and 



sh(?7/z + Vi) J shyvi — Vj — f]) sh{Vi + vj — r]) 

These are the Bethe Ansatz equations conjectured in the addendum of [6] for the 
special case of A; = 1. A similar division into two different functional forms was 
found recently in the ground state energy for the two-boundary sine-Gordon model 
[17]. 

n odd, n < L 

For these sectors, the spectrum is described by the expressions 
= 22 sh(r?/2 - sh(,/2 + - + 
= V, sh(,/2 - . ■) sh(,/2 + - + 
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where the complex numbers Ui and Vi axe solutions of the equations 



'sh(r?/2 - Ui] 



and 



= (u- -)(f)+(u- I ^ ^""-pr^^ sh(^^ - + 77) sh(u^ + + rj) 
sh.{'r)/2 + Ui) J " sh{ui — Uj — r]) sh{ui + Uj — r]) ' 

(4.6) 

/ sh(77/2-i;,) y^_ ^"y^^' sh(t;, - t;,- + r?) sh(t;, + + r?) 

(4.7) 

• n = L even 

In this sector, the spectrum of is still given by (4.2)-(4.4) provided that 

6 = <^ ch(r/ + a- + /3_ + q;+ + /?+) - ch(6'_ - 61+) = 0, (4.8) 

where b is the parameter appearing in (2.3). The spectrum of in this sector with 
the additional constraint is identical to that of the XXZ spin chain with an even 
number of spins, as conjectured in the addendum of [6]. 

• n = L odd 

In this case, the spectrum of is still given by (4.5)-(4.7) provided that 

6 = ^ ch(r/ + a_ + /3_ - a+ - /?+) + ch(0_ - 9+) = 0. (4.9) 

The spectrum of in this sector is identical to that of the XXZ spin chain with 
an odd number of spins. Note that while the constraint (4.8) for even system sizes 
is the same as that obtained in [5] for k = 1, the constraint (4.9) is similar but not 
identical to the one in [5] with k = 0. That constraint corresponds to 6 = s_s+, a 
case that is not discussed in this paper (see however Section 7.6). 

In the following sections we give a detailed derivation of these results. As an intermediate 
result, we also obtain the spectrum of H^, which is closely related to a Hamiltonian 
diagonalised by Bethe Ansatz in [19]. 



5 Closed boundaries 

In this section we will diagonalise the Hamiltonian (2.4) on the space V^*. In the XXZ 

representation this Hamiltonian corresponds to the quantum group symmetric Hamilto- 
nian, which has diagonal, spin conserving, boundary fields. The Bethe Ansatz solution of 
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the spectrum of this Hamiltonian is well known [1, 18]. We rederive it here in terms of 
the loop model which will be a useful exercise for when we introduce boundary fields in 
later sections. 

As explained above, a sector of is labeled by an integer n, denoting the number of 
connected sites. For closed boundaries n will be even since sites cannot be connected to 
the boundary, only to each other. 

5.1 ri = 

Consider the configuration with all sites disconnected, i.e. (| = | • • • |. We will try to solve 
(3.2) with the trial function (i/^o| given by, 

(V'ol = (|. (5.1) 

Plugging (^o| into (3.2) we obtain 

A(| = 0, (5.2) 
and immediately obtain that (^o I is a left eigenvector with eigenvalue 

A = 0, (5.3) 

as asserted in Section 3. Hence we can use (| as a pseudo vacuum. 

5.2 n = 2 

Here and in the following we will consider a trial eigenvector (V'nl, which is a linear 
combination of states whose coefficients for states with more than n connected sites are 
zero. The coefHcients of (V'nl are denoted by ipnic), where c labels the connectivity. For 
n = 2, we thus take a linear combination of the pseudo vacuum, with coefficient ip2i), 
and states with a pseudo particle at site x, i.e. states of the form (a;| = | • • • |()| • • • |, with 
nonzero coefficients ijj2{x)- Now we will try to solve (3.2) with the trial function (^^21 given 

by, 

L 

(^^21 =^^20(1+ j;V'2(x)(x|. (5.4) 
x=l 

Plugging (^2! into (3.2) and equating each component to zero the eigenvalue equation is 
equivalent to, 

L-l 

AM) = I]^2(a;), 

x=i (5-5) 

AMx) = ttp2{x) + Mx + '^-) + Mx - '^-) forl<x<L-l, 
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together with the following equations at the boundaries x = 1 and x = L — 1, 



AV^2(1) = #2(1)+V'2(2), 

AML-1) = tML-l) + ML-2). 

We first note that due to the block triangular structure of the Hamiltonian, the coefficient 
■i/'2() only appears in the first line of (5.5), which we therefore regard as defining V'2()-^ 
The remaining equations can be satisfied by the Ansatz, 

M^) = fi^), (5.7) 

where / is the function 

fix) = A+z"" + A-z-"". (5.8) 

The parameters A^ and z are complex numbers to be determined later. We now find from 
(5.5) that 

A = t + z + z"^, (5.9) 
and in addition the consistency relations arising from the boundary equations (5.6), 

/(O) = 0, /(L) = 0. (5.10) 

These consistency relations determine the ratio of the amplitudes A"^ and the complex 
number z. In this sector therefore the spectrum is given by the solutions of 

A = A(z), ^2^ = 1, (5.11) 

where we have defined A for future convenience, 

X{z) = t + z + z"'^ . (5.12) 



5.3 n = 4 

Let us denote by ip4{xi,X2) the coefficient for states of the form | • • • |()| • • • |()| • • • |, with 
"well separated" pseudo particles at positions Xi and X2, i.e. X2 > xi + 1. We furthermore 
denote the coefficient for states of the form | • • • |(())| • • • | with "merged" pseudo particles 
by (p4,{x). As a trial vector to solve the eigenvalue equation (3.2) we consider a vector with 
nonzero components ip4{c) in all sectors m of V^* with less than four connected sites. Aside 
from the states with m = 4 mentioned above, this trial vector contains also the states \x) 
and I) (with coefficients V'4(a^) and ?/'4()) in the m = 2 and m = sectors respectively. In 
analogy with the case n = 2 wc can write down the bulk eigenvalue equation component 
wise. However, we will only look at the equations relating the eigenvector elements 1^4(0) 

^We need here that A ^ 0. Here and in the following we will not digress into such isolated singularities. 
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in the m = 4 sector to each other. The equations relating elements ■04 (c) for m < 4 to 
those of m = 4 are similar to (5.5) and can be regarded as definitions of ip4{c) for m < A. 
We will therefore not write them down explicitly. The remaining equations are, 

A'04(a;i,X2) = ^a{xi-1,X2) +1p4{xi + l,X2) +iI}a{xi,X2-1) 

+ il)4,{xi,X2 + l) +2t'4)i{xi,X2) for X2> Xi + 2, 
h.ipi{x,x + 2) = il;i{x-l,x + 2) + ipi{x)+il)i{x,x + ?>) + 2t^Jji{x,x + 2), (5.13) 
K(pi{x) = 2V'4(x,x + 2) + ^^4(2; - l,a; + 1) + V'4(x + l,x + 3) 
+ tip4{x) for 1 < a; < L — 3. 

As before, these are modified at the boundary to, 

AV^4(1,,t) = V'4(2,x)+V4(l,a;-l) + V4(l,a; + l) + 2tV4(l,a;), 
AV'4(a;,L-l) = i^^ix - 1, L - 1) + tp4{x + 1,L - 1) + tp4{x,L - 2) 
+ 2t'ip4{x,L- 1), 

AV'4(1,3) = V4(l,4) +(^4(1) + 2^^^4(1,3), (5.14) 
A^4(i^-3,L-1) = 'ilj4{L-4,L-l) + ip4{L-3) + 2t'ilj4{L-3,L-l), 

A^4(l) = 2^-4(1,3) + ^4(2, 4) +t(^4(l), 
Aip4{L-3) = 2^4{L-3,L-l)+^4{L-A,L-2)+tip4{L-3). 

The equations (5.13) and (5.14) can be solved with the following Ansatz, 

1p4{xi,X2) = /(Xi, X2), (5.15) 

where 

f{x^,x2) = J2 E^^i^^<r^<r- (^-is) 

7rGS2 CI- 

Here 5„ is the group of permutations of n integers {1, 2, . . . ,n} and tt : {1, 2, . . . ,n} i-^' 
{tti, 7r2, . . . , TTn} is a particular permutation. The sum over a denotes a sum over all signs 
CTi = ±1 and (72 = ±1. The four amplitudes ^i"2^, ^21^, ^12" and as well as the two 
complex numbers zi and Z2 are to be determined later. The form of (p4{x) will be also 
derived from the eigenvalue equations. 
Prom the bulk relations (5.13) we find 

2 

A = ^A(z,), (5.17) 

where A is defined in (5.12), and we also find 

ip4{x) = /(x,x + l) + /(x + l,x + 2), (5.18) 
= /(x,x) + 2/(x + l,x + l) + /(x + 2,x + 2) 

+ i(/(x,x + l) + /(x + l,x + 2)). (5.19) 
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Equation (5.18) defines the coefficient ip4{x) and (5.19) is satisfied if, 



/l(Ticr2 C'iy'^'i 
^7ri7r2 _ ^V^7r2'^7r 



(5.20) 

where 



S{z,w) = l + tw + zw. (5.21) 

In addition, it can also be shown that the first two of the boundary relations (5.14) are 
equivalent to, 

/(0,x)=0, /(x,L)=0, (5.22) 
which can be satisfied by demanding that 

-'^7r27ri -^7ri7r2 

for all choices of the signs cti = ±1, (T2 = ±1 and both permutations of tt = (1,2). It 
turns out that the remaining equations do not impose any further constraints and are now 
automatically satisfied. Putting everything together we find that 

2L _ ^TTzTTi ^nrn2 ^7ri7r2 _ '^(^TTi ; ^7r2 )'5'(^7r2 i ^7ri ) /_ „ 

^TTi - .++ .++ - n( ^-i)Q(^ y V ^ > 

^7ri7r2 -^7ri7r2 ^7r27ri o^^^ttj , ^tti V'ti j ^7r2 / 

for both permutations of vr = (1, 2). We have found the two-particle Bethe Ansatz equation 
of the XXZ spin chain. 



5.4 general n — 2k 

Because of the integrability of this model, the eigenvalue equations for sectors containing 
more than two pseudo particles all reduce to those for two particles. The program of the 
previous sections can therefore be carried out for larger values of n. As a trial function for a 
given n we take a vector in which all coefficients in sectors higher than n are zero. We also 
note that coefficients of states in sectors lower than n are defined by the eigenvalue equation 
in terms of those for n. To find the latter, we assume that the wave function elements 
i'2k{xi, • • • , Xk), corresponding to well separated pseudo particles, have the following form, 

k 

i^2k{xu...,Xk) = E E^'i-.IKr' (5-25) 

7re5fc T 1=1 

where, as in (5.16), Sj^ is the group of permutations of k integers {1,2, . . . ,k} and the 
sum over a denotes a sum over all signs CTj = ±1 {i = 1, . . . ,k). We also assume that the 
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other wave function elements in the same sector can be consistently calculated from the 
eigenvalue equation if the amplitudes satisfy 



,...(TifTi+l... c,/ O-i+1 o-.x 

....tTi+lCTi... — ~ Qf^Ti V 



(5.26) 

and 



A.. .-an A-n,- 
^...TTn ^TTl... 

The complex numbers Zi satisfy the obvious generalization of (5.24) to arbitrary but even 
values of n, 

S{zr^,Zj)S{zj,Zi) 



z}^ 



= TT "^"- (5.28) 

^^■^S{zj,z^ )S{zi,Zj) 



Furthermore, the spectrum is given by 

n/2 

A = Y,Kzj), (5.29) 

where we recall that A and S are defined in (5.12) and (5.21) respectively. Equation 
(5.28) is of course the well known Bethe Ansatz equation for the XXZ spin chain with 
diagonal boundary conditions [18, 1]. It is reproduced here from a Bethe Ansatz in the 
loop representation of the Temperley-Lieb algebra. Using the well known transformation 



^ sh(r?/2 + Uj) 
sh(?7/2-Ui)' 

the eigenvalue takes on the familiar form, 



(5.30) 



^ = sh(r?/2-«,)sh(r?/2 + n,)' ^^"^^^ 

where the complex numbers Ui are solutions of the equations 

sh(r?/2 - Ui) \ ^ TT sh.{ui - uj + rj) sh{ui + uj + r?) 
sh(r7/2 + Ui) J -f--f^ sh('Uj — Uj — rj) sh('Uj + Uj — rj) 



15 



6 Mixed boundaries 



A similar program as for closed boundaries can be carried out for mixed boundaries, i.e. 
we can diagonalise on the space V^*. However, now n can take on odd values as 
well, representing sectors where an odd number of loop segments are connected to the left 
boundary. We will denote by ip2k+i{^ij ■ ■ ■ j^k'iUii ■ ■ ■ lUi) ^ coefficient in the eigenvector 
of a state with k well separated pseudo particles at positions (i = 1, . . . , A;) and I sites 
at positions {j = I, . . . ,1) connected to the left boundary. 

6.1 n = 

We again start with the state with all sites disconnected, i.e. ( | = | • • • |, and find that it 
is a left eigenstate of with eigenvalue A = 0. 

6.2 n = l 

Next we consider eigenvectors in which the coefficient of the pseudo vacuum is 

nonzero as well as ipii;!) of the state )| • • • | with one site connected to the left boundary. 
The eigenvalue equations are 



As before we regard the first line in (6.1) as defining ipii;). The remaining equation is 
solved by A = a_s_. 



Now we also consider nonzero coefficients of states with two connected sites, i.e. states of 
the form | • • • |()| • • • | and the state ))| • • • | whose coefficients in the eigenvector are denoted 
by ip2ix; ) and ip2{', 1, 2) respectively. The resulting eigenvalue equations read. 



A^i(;) 
AV'iOl) 



a_Vi(; 1), 
a_s_V'i(; 1). 



(6.1) 



6.3 n^2 



L-l 



AV'2(;) 



a-'02(;i) + ^-02(2/;), 



y=l 



(6.2) 



AV'2(;i) 



a-s-^2(;i) +^"2(1;), 



for 1 < X < L - 1. 



We also find the boundary relations. 



AV2(l;) 
AV'2(;l,2) 



iV'2(l;)+V'2(2;)+a_V'2(;l,2) 
a„s_V'2(;i,2) +^^2(1;), 



(6.3) 
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We take the first two lines in (6.2) as definitions for V'2(;) and ■02(;1), and solve the 
remaining equations by making the Ansatz 

V'2(x;) = /(x), (6.4) 

where, 

fix) = A+z'' + A-z-^. (6.5) 
We then find from (6.2) and first hne in (6.3) that 



A = t+z+z ^ 
V'2(;l,2) = alV(O). 

The other two boundary equations in (6.3) imply the consistency equations, 

(A(z) - a_s_)/(0) = a_/(l), 
f{L) = 0. 



(6.6) 



(6.7) 



From these we find equations for the amplitudes and the complex number z. In this 
sector we thus find that the spectrum is given by 

A-X(z)-t + z + z-' ,2L_ K^i^) A- _ K^{z)K.{z) 
K-Xiz)-t + z + z , z - (6.8) 

where, 

K+{z) = 1, K_{z) = X{z) - a_(s_ + z). (6.9) 

6.4 n = 3 

Prom now on we will only look at the equations relating elements of the eigenvector in 
the sector n to each other. The equations involving the elements of sectors m < n can be 
regarded as definitions for those elements. The elements in sectors m > n are taken to be 
zero. 

The eigenvalue equation for the sector n = 3 then reads, 

AMx; 1) = (fl-s- + tyMx; 1) + + 1; 1) + - 1; i) for 2 < x < l, (6.10) 

with boundary relations 

AV'3(2;1) = (a_.s_ + t)V'3(2;l)+V'3(3;l)+V'3(l;3), 

AV3(1;3) = tV3(l;3)+V3(2;l)+a_^3(;l,2,3), 

AV'3(;1,2,3) = a_s_V'3(;l,2,3) +V3(l;3) + s_V3(2;l), 

AV'3(i:-l;l) = {a-S-+t)ML-l;l)+ML-'2;l). 
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Equations (6.10) and (6.11) can be satisfied by making the Ansatz, 

^Psix;!) = fix), f{x) = B+z'' + B-z-\ (6.12) 

We then find 

A = a_s_ + i + z + z"^ 
^^3(1; 3) = /(I), (6.13) 
V'3(;l,2,3) = ali(/(0) + a_s_/(l)), 

with the consistency equations 

(A(z)+a_s_)/(0) = a_(l-s_t)/(l), 
f{L) = 0. 

Solving for and z we find that in this sector the spectrum is given by 

A = as- + X{z) 

where z is a complex number satisfying, 

^2L ^ K+{z) B- ^ K+{z)K.{z) 

K+{z-^)B+ ^+(z-i)K_(z-i) 

where 

K+{z) = 1, K-{z) = X{z) + a_(s_ + z{s-t - 1)). 

6.5 general n 

Prom the previous sections we conclude that both sectors n = 2 and n = 3 contain only one 
pseudo particle. There is therefore an additional quantum number, namely the parity of 
the number of loop lines connected to the left boundary, that distinguishes between these 
two sectors. As for closed boundaries in Section 5.3, we have checked the sectors containing 
two pseudo particles (here n = 4 and n = 5). In both these sectors, the eigenvalue equation 
can be solved by an Ansatz similar to the one used for closed boundaries, see (5.16). The 
Bethe Ansatz equations (6.8) for the even sector and (6.16) for the odd sector now get 
multiplied by the two particle scattering factors S(zi, zj), in much the same way as (5.24). 
Furthermore, we have checked that the Bethe Ansatz equations remain valid in the case 
when all sites arc connected, i.e when n = L. 

Because the Hamiltonian is integrable, the Bethe Ansatz program can be consis- 
tently carried out for arbitrary values of n, and the higher sector equations factorize into 
those for two particles. Integr ability assures us that we can find consistent expressions for 
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(6.14) 

(6.15) 

(6.16) 
(6.17) 



the more complicated "merged pseudo particles" (for the spectrum we don't need to know 
these explicitly). 

Before giving the results for general n we first recall the definitions of S and A, 

S{z,w) = l + tw + zw, X{z) =t + z + z~'^. (6.18) 

6.5.1 even n 

Having derived the equations for n = 2 and n = 4, we postulate the generalization of 
(5.24) for arbitrary but even values of n to the case of mixed boundary conditions, 

2L ^ K+{z)K_{z) j^ S{z-'^,Zj)S{Zj,Zi) 

K+(z-i)K_{z-^)^}^Siz„z.')S{z,,z,y 

and 

K+{z) = 1, K_{z) = X{z) - a_(s_ + z). (6.20) 
In terms of the solutions of (6.19), the eigenvalues of Hf^ are given by, 

n/2 

A = ^A(z,). (6.21) 

i=i 

Using the parametrisation of Section 2.3 and the transformation (5.30), these equations 
are equivalent to the first line of (4.2) together with (4.3) in the limit (3+,a+ — oo. 

6.5.2 odd n 

For n an odd number we postulate the solution from the investigations of n = 1, n = 3 
and n = 5. The eigenvalue for odd n is given by, 

(n-l)/2 

A = a_s_+ X{zj), (6.22) 

and the numbers Zi satisfy. 



^ ,^j;^V^j,^^; (6.23) 



K^{z-^)K.{z-^)^^^S{z,,zr')S{z,,z,) 



where 

K+{z) = l, K_{z) = X{z) + a-{s-+z{s-t~l)). (6.24) 

Using the parametrisation of Section 2.3 and the transformation (5.30), these equations 
are equivalent to the first line of (4.5) together with (4.6) in the limit /3+,q;+ — > oo. 
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7 Open boundaries 



To diagonalise the Hamiltonian on the space V^* a similar program can be carried 
out as for and Hf^. When the number of connected loops is less than the system 
size, i.e. n < L, there is no fundamental difference with the two previous cases. The 
main difference with the case of mixed boundaries is that now K-^-{z) and K^{z) become 
nontrivial functions. However, when n = L there arises a difficulty which we will only 
partially resolve in this paper. 

In the following we will first consider the cases when n < L and we will turn our 
attention to n = L later. We will denote by tp2k+i+m{xi, . . . ,Xk;yi, . . . ,yi;yi, . . . ,ym) a 
coefficient in the eigenvector of a state with k well separated pseudo particles at positions 
Xi {i = 1, . . . , k), I sites at positions yi {i = 1, . . . ,1) connected to the left boundary, and 
m sites at positions yi {i = 1, . . . ,m) connected to the right boundary. 

7.1 n^O 

As before, we start with the state with all sites disconnected, i.e. (| = | • • • |, and find that 
it is a left eigenstate of ij£ with eigenvalue A = 0. 

7.2 n = 1 

For n = 1 we consider eigenvectors in which the coefficient of the pseudo vacuum is 

nonzero as well as 1; ) of the state )| ■ • • | with one site connected to the left boundary 
and ■il)i{;;L) of the state | • • • |( with one site connected to the right boundary. The 
eigenvalue equations are 

AV'i(;;) = a_V'i(;l;) + a+Vi(;;^), 
AV'i(;l;) = a_s_Vi(;l;), (7-1) 
AiIji{;;L) = a+s+ipi{; ; L). 

As before we regard the first line in (7.1) as the definition of ^i(; ; ). In the generic case 
of a_s_ 7^ 0+5+ , the remaining equations are solved by either 

A = a_s_, Vi(;;^) = o, (7.2) 

or 

A = a+s+, Vi(i;;) = o. (7.3) 

7.3 n^2 

In this sector all states with two connected sites, i.e. states of the form | • • • |()| • • • |, 
))| • • • I and I • • • |((, may have nonzero coefficients in the eigenvector. These coefficients are 
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denoted by il^2{x; ; ), ip2{; 1, 2; ) and ip2{', ',L — 1,L) respectively. The resulting eigenvalue 
equations read, 

L-l 

AV'2(;;) = a_V'2(;i;) + a+V'2(;;^) + ^V'2(y;;), 

y=l 

Aip2{x;;) = t'il)2{x;;) + ip2ix + l;;)+ip2ix — l;;), forl<x<L-l. 
In addition, we also find the boundary relations, 

AV'2(1;;) = tV'2(l;;)+V'2(2;;)+a_V'2(;l,2;), 
AML-i;;) = tML-i;;) + ML-2;;) + a+M;;L-i,L), 

AV2(;1,2;) = o„s_V'2(;l,2;)+V2(l;;), (7.5) 
AV'2(;;i- 1,^) = a+s+i!2{;]L-l,L)+ij2{L-l;;), 
AiIj2{;1;L) = {a-S- + a+s+)'tp2{;'i-; L). 

As before, we take the first three lines in (7.4) as definitions for ^2(5;)) V'2(jl;) 
i/'2(; ; L), and solve the remaining equations by making the Ansatz 

Mx-r,) = fix), (7.6) 

where, 

f{x) = A+z"" + A-z-''. (7.7) 
We then find from the last line in (7.4) and the first two lines in (7.5) that 

A = t + z + 
V'2(;l,2;) = alV(O), (7.8) 
i;2{;\L-l,L) = a^'f{L). 

The third and fourth boundary equations in (7.5) imply the consistency equations, 

(A(z) - a_.s_)/(0) = a_/(l), 
(A(z) - a+5+)/(L) = a+/(L-l). 

In the case of mixed boundaries we saw that we needed to distinguish the case with an 
odd number from that with an even number of loops connected to the left boundary. The 
same holds true here, as can be seen by the last equation of (7.5), which implies that 
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'02(; 1; =0 unless A = a_s_ + a+s+, which will generically not be the case with A given 
by (7.8). The complete spectrum in this sector is therefore given by 

A = a_s_ + a+s+, (7.10) 

in which case A~ = A'^ = and V'2(; 1; L) / 0, or 

A = X{z) =t + z + z-'^, (7.11) 

in which case V'2(; ^',L) = 0. The complex number z in (7.11) satisfies the Bethe Ansatz 
equation 



2^ K+{z) A- K+{^)K-iz) 



where, 



7.4 n 



^ K+{z-^)A+ K+{z-^)K^{z-^)' ^'^■■^^^ 



K±iz) = X{z) - a±(s± + z). (7.13) 



In analogy with the case of mixed boundaries, we do not write anymore explicitly the 
equations relating eigenvector elements of sectors smaller than n to those of n, but only 
the equations relating the latter to each other. The eigenvalue equation then reads, 

A^3(x;l;) = (a_s_+t)V'3(x;l;)+V'3(x + l;l;) + ^3(a:-l;l;), 

for 2<x<L-l, ^^^^^ 

A'tp3{x;;L) = {a+s+ + t)'tp3{x;; L) + iIj3{x + 1;; L) + iIj3{x - 1;; L), 
for 1 < X < L-2. 

with the additional relations when an odd number of loops is connected to the left bound- 
ary, 

AV'3(2;1;) = (a_s_ + 1)^3(2; 1; ) + ^3(3; 1; ) + ^3(1; 3; ), 
A^3(l;3;) = tV3(l; 3; ) + ^3(2; 1; ) + a_V'3(; 1, 2, 3; ), 
AV^3(;1,2,3;) = a_s_V3(;l,2,3;)+V3(l;3;) + s_V'3(2;l;), 

+ a+V'3(; 1;^ - ^,L), 
AV3(;i;i- i,i) = (a_s_ + a+s+)V3(;i;i^-i,^) + V'3(^-i;i;)- 

and similar equations when an even number of loops is connected to the left boundary. 
These equations can be satisfied by making the Ansatz, 

= fix), f{x) = C+z- + C-z--, 
tp3{x;;L) = g{x), g{x) = z^ + D' z'"" . 



(7.15) 
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Since the equations do not mix states with an even and odd number of loops connected 
to the left boundary, we find they can be satisfied if either D"^ = or = 0. In the first 
case we have, 

A = a-S- +t + z + z~^, 
^3(1; 3;) = /(I), 
V'3(;l,2,3;) = az'{f{0) + a-s.fm, 

with the consistency equations 

(A(z)+a_.s_)/(0) = a_(l-s_t)/(l), 
{\{z)-a+s+)f{L) = a+/(L-l). 

Solving for and z we find that in this sector one part of the spectrum is given by the 
first line of (7.17) where ^; is a complex number satisfying, 

K+{z) C- _ K+{z)K_{z) 

K+{z-^)C+ K+{z-^)k_{z-^) ^ ■ ^ 

where 

K+{z) = X{z) - a+is+ + z), K-iz) = X{z) + a-is- + zis-t-l)). (7.20) 

Solving for and z in the case where = 0, we find that the other part of the 
spectrum is given by 

A = a+s+ + X{z) (7.21) 
where 2; is a complex number now satisfying, 

^2L^ K+{z) D- ^ K+{z)K_{z) 

k+{z-^)D+ k+{z''^)K_{z-'^) ^ ■ ' 

with 

k+{z) = X{z) +a+{s+ + z{s+t-l)), K^{z) = X{z)-a-{s- + z). (7.23) 



7.5 general n 

Sectors higher than n = 3 introduce multi particle scattering. The spectrum in these 
sectors can be calculated using a similar Ansatz as for mixed boundaries. While the 
equations become more cumbersome, the final answer is the obvious generalisation of the 
previous sectors if we keep the results for mixed boundaries in mind. The results below 
are valid for ra < L. 



23 



Before giving the final result, we first recall the definitions 

X[z) = t + z + z''^, 
S{z,w) = l + tw + zw, 
K±{z) = X{z) - a±{s± + z), 
K±iz) = X{z) + a±{s± + zis±t-l)). 

7.5.1 even n 

The spectrum in these sectors is described by the following two cases. 
• Odd number of loops to both boundaries. 



where the numbers Zi satisfy, 

n/2-l , _i 



Even number of loops to both boundaries. 



where the numbers Zi satisfy, 

K+{z)K.{z) '^S{z-\z,)S{z,,Zi) 



K+{z-^)K_{z-^) S{z,, zr^)S{zi, z^) ' 



(7.24) 



n/2-l 

A = a-s- + a+s++ ^ K^j), (7.25) 



^2L ^ K+{z)K_{z) yr g(z. ,Zj)S{Zj,Zi) 

' k+{z-^)k_{z-^) |J S{zj,zr^)S{zi,z^y 



n/2 

A = 5^A(z,), (7.27) 



Using the parametrisation of Section 2.3 and the transformation (5.30), these equations 
are equivalent to (4.2)-(4.4). 
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7.5.2 odd n 

For these sectors the spectrum also falls into two classes. 

• Odd number of loops to the left and even number of loops connected to the right 
boundary. 

(n-l)/2 

A = a_s_+ ^ X{zj), (7.29) 

where the numbers Zi satisfy, 

^ K+{z)k_{z) S{zr\zj)S{zj,z,) 
' K+{z-^)K_{z-^) JLi S{zj,z-')Sizi,zjy 

• Even number of loops to both boundaries. 

(n-l)/2 

A = a+s++ ^(-^^O' (7-31) 

where the numbers Zi satisfy, 

' k+{z-^)K_{z-^) Sizj,zr')S{z„zjy 

Using the parametrisation of Section 2.3 and the transformation (5.30), these equations 
are equivalent to (4.5)-(4.7). 

7.6 n = L = 1 

We now consider the cases where n = L. These sectors are quite different from the previous 
cases since the nonlocal additional relations (2.3) involving the parameter b come into play, 
see also section 2.2 and section 3. In this sense they are similar to the n = L sectors in 
the periodic TL algebra, see e.g. [20]. 

Recall that for n = L we only consider the subspace generated by see section 2.2. 
The eigenvalue equations in the n = L = 1 sector are 

AV'i(;l;) = a_s_7/;i(;l;) +a+^i(;;l), 
AV'i(;;l) = a+s+V'i(;;l) +a-5Vi(;i;)- 
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These equations are easily solved, and the spectrum is given by the solutions of the char- 
acteristic equation 

(A — a_s_)(A — a+s-f) = a_a+f). (7.34) 

Hence we see that if 6 = we have the same solutions (7.2) and (7.3) as in the case 
n = 1 < L. We also note that 6 = s_s+ is another special value where the solutions do 
not contain a radical (see also the remarks at the end of Section 4). 



7.7 n = L = 2 

In this sector, the resulting eigenvalue equations are, 

AV^2(i;;) = iV'2(i;;)+a_V2(;i,2;)+a+V2(;;i,2), 

AV'2(;l,2;) = a_s_V'2(;l,2;)+V'2(l;;)+a+V'2(;l;2), 

AV'2(;;l,2) = a+s+!/'2(;;l,2)+V'2(l;;)+a_V'2(;l;2), 

AV'2(;1;2) = (a_s_ + a+s+)^2(;i; 2) + 6^-2(1;;). 



(7.35) 



For 6 = 0, these equations can be solved in the same way as for n = 2 < L by making the 
Ansatz, 

^2(x;;) = /(x), (7.36) 

where, 

f{x) = A^z"" + A-z-"". (7.37) 
We then find that the complete spectrum in this sector is given by 

A = a_s_ + a+s+, (7.38) 

in which case one can take '02(; 1; 2) 7^ 0, or 

A = A(2;) =t + z + z~^ 7^a_s_+a+s+, (7.39) 

in which case ■02(;1;2) = 0. The complex number z in (7.39) satisfies the Bethe Ansatz 
equation 

2i ^ K^{z) A- ^ K+iz)K.{z) 

K+{z-^)A+ K+{z-^)K_{z-^y ^ ' 

where, 

K±{z) = \{z) - a±(s± + z). (7.41) 

The eigenvalue is a zero of a quartic polynomial. For 6 = this polynomial factorizes 
into a cubic and a linear polynomial. The zero of the linear polynomial gives the solution 
(7.38). If 6 7^ 0, the eigenvalue is a solution of a quartic equation that docs not factorize 
in general. We have not found a systematic way of solving the case 6/0 and n = L. 
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7.8 n = L = 3 

In this sector there are eight equations resulting from the eigenvalue equation, 

AV'3(2;1;) = (a_s_ + t)V'3(2;l;)+V'3(l;3;)+a+V3(;l;2,3), 

A^3(l;3;) = t^3(l;3;)+V3(2;l;) + a_^3(;l,2,3;)+a+V'3(l;;3), 

AV3(;1;2,3) = (a_s_ + a+s+)V3(;l;2,3) +V3(2;1;) +V'3(i;;3), 

AM; 1> 2, 3; ) = a_s_V3(; 1, 2, 3; ) + ^3(1; 3; ) + s_V3(2; 1; ) + a+M; 1> 2; 3), 



(7.42) 



and 

AV'3(l;;3) = (a+s+ + t)V'3(l; ;3) + ^3(2; ; 1) +a_V'3(; 1,2;3) 

AV'3(2;;l) = tV3(2; ; 1) + ^3(1; ; 3) + a_6V3(2; 1; ) + a+V;3(; ; 1, 2, 3), 

AV'3(;l,2;3) = (a_s_ + a+s+)V'3(;l,2;3)+V'3(l;;3) + 6V'3(2;l;), 

AV'3(; ; 1, 2, 3) = a+s+M ; 1, 2, 3) + ^3(2; ; 1) + 5+^3(1; ; 3) + a_6V'3(; 1; 2, 3). 

(7.43) 

We will try to solve them in a similar way as for n = 3 < L. First write, 

V^3(2;l;) = /(2), V>5(1;3;) = /(I), f{x) = C+z- + C-z-, 
^3(1;; 3) = 5(1), V'3(2;;l) = 5(2), g{x) = D+z^+D-z-^. 



If 6 = 0, the equations (7.43) only contain coefficients of states with an even number of 
loops connected to the left boundary. Hence (7.43) will be trivially satisfied if we set these 
coefficients all to zero, i.e. = D~ = 0. The equations (7.42) can then be solved in a 
similar way as for the case n = 3 < L, and we find, 

A = a_s_ + A(2), (7.45) 

where z is a complex number satisfying, 

J2L_ K+{z) C- _ K^{z)K_{z) 

K+{z-^)C+ K+{z-^)K_{z-^y ^ ■ ^ 

and 

K+{z)=X{z)-a+{s+ + z), K^{z) = X{z) + a-{s- + z{s-t-l)). (7.47) 

Another solution for 6 = is obtained in the following way. We find a non-trivial 
solution of the eigenvalue problem (7.43), which exists provided one satisfies, 

A = a+s+ + A(z), (7.48) 
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where z is a complex number satisfying, 



K+{z-^)D+ K+{z-^)K_{z-^y ^ ' ' 

and 

K+(z) = A(z)+a+(s+ + z(s+t-l)), = A(z)-a_(s_ + z). (7.50) 

Given sucli a solution, the four equations (7.42) then contain four unknowns, the four 
coefficients with an even number of loops connected to the left boundary. Apart from 
accidental degeneracies, (7.42) thus has a solution, that we do not need to know explicitly 
here. Hence for 6 = 0, the solution for n = L = 3 is the same as that for n = 3 < L. 



7.9 general n = L 

We hope to have convinced the reader that for 6 = 0, the Bethe Ansatz solution for the 
spectrum for the case n < L in Section 7.5 remains valid also for n = L. 



8 Conclusion 

We have derived equations for the spectrum of the Temperley-Lieb loop model with closed, 
mixed and open boundaries using a coordinate Bethe Ansatz. The spectra of the quantum 
XXZ spin chain with diagonal, one non-diagonal and two non-diagonal open boundaries 
respectively are contained in those of the loop model. In the case of two non-diagonal 
boundaries, we thus derive a recent numerically conjectured result, and obtain the spec- 
trum of the spin chain in a part of the parameter space where it was previously not 
known. 
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A Dimension of representation spaces 

We use a functional equation method [21] to find the generating functions of the various 
dimensions of the representation spaces. Let us first consider all sequences of well-nested 
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parentheses that have the same number of opening and closing parentheses. Such a se- 
quence may be the empty sequence, or it has the form •(•) where • represents any well- 
nested sequence of parentheses, including the empty one. The generating function for such 
sequences hence satisfies the functional equation 

D{z) = 1 + z^D{zf, (A.51) 

where the 1 coresponds to the empty sequence, to the opening and closing parenthesis 
and D(z)'^ to the two well-nested sequences. Equation (A.51) is easily solved with the 
initial condition -D(O) = 1. The solution is the Catalan generating function 

D{z) = L^ . (A.52) 

Let us now consider all sequences of well-nested parenthesis with an arbitrary number 
of vertical bars "|" in between them. Each such sequence with n vertical bars is of the 
form 

• | • I • • • • I • . 

The generating function for these sequences is therefore given by 

Gc{z) = D{z)+D{z)zD{z) + D{z)zD{z)zD{z) = ... (A.53) 

= D{z)J2{zD{z)r = (A.54) 

n=0 ^ ^ 

The sequences corresponding to states in are of the form 

•)•) • • • •) • I • I • • • • |«, 

and hence the generating function is given by 

Om(.) = g(.D(.)r) (A.55) 

Finally, the sequences corresponding to states in are of the form 

.).)••••). |. I •••.|. (••••(•(•, 

and hence the generating function is given by 

Go{z) = D{z) (f:{zD{z)r] =^^^§^- (A.56) 



Kn=0 



The generating functions for the subspaces generated by Il\) and Jl\), see section 2.2, are 
equal to Gm{z), which follows from replacing "|" by "(" in the sequences above (A.55). 
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